Abstract. By the theory of elliptic curves, we study the nontrivial rational parametric solutions and rational solutions of the Diophantine equations z 2 = f (x) 2 ± g(y) 2 for some simple Laurent polynomials f and g.
Introduction
In 2010, A. Togbe and M. Ulas [10] considered the rational solutions of the Diophantine equations (1.1)
where f being quadratic and cubic polynomials. At the same year, B. He, A. Togbe and M. Ulas [6] further investigated the integer solutions of Eq. (1.1) for some special polynomials f . In 2016, Y. Zhang [11] studied the nontrivial rational parametric solutions of the Diophantine equations f (x)f (y) = f (z) n ,
where n = 1, 2, concerning the Laurent polynomials f . Moreover, we [12] considered the nontrivial rational parametric solutions and rational solutions of Eq. (1.1) for some simple Laurent polynomials f . In 2017, Sz. Tengely and M. Ulas [9] investigated the integer solutions of the Diophantine equations (1.2) z 2 = f (x) 2 + g(y)
2 and (1.3)
for different polynomials f and g. In this paper, we continue the study of [11] and [12] , and consider the nontrivial rational parametric solutions and rational solutions of Eqs. (1.2) and (1.3) for some simple Laurent polynomials f and g. The nontrivial solution (x, y, z) of Eqs. (1.2) and (1.3) respectively means that f (x)g(y) = 0 and f (x) 2 = g(y) 2 .
Recall that a Laurent polynomial with coefficients in a field F is an expression of the form
where x is a formal variable, the summation index k is an integer (not necessarily positive) and only finitely many coefficients a k are nonzero. Here we mainly care about the simple Laurent polynomials
with nonzero integers a, b, c, d. In the sequel, without losing the generality we may assume that a = 1, guaranteed by the shape of Eqs. (1.2) and (1.3).
By the theory of elliptic curves, we give a positive answer to the Question 3.3 of [12] , and prove 3) has infinitely many nontrivial rational solutions.
The proofs of Theorems
Proof of Theorem 1.1. For f = x + a + b/x and g = y 2 + cy + d + e/y, let
Let v = T tz, and consider the curve C 1 : v 2 = g 1 (t). In order to prove Theorem 1.1 we must show that the curve C 1 has infinitely many Q(T )-rational points. The curve C 1 is a quartic curve with rational point P = (0, b). By the method of Fermat [4, p. 639], using the point P we can produce another point P ′ = (t 1 , v 1 ), which satisfies the condition t 1 v 1 = 0. In order to construct a such point P ′ , we put
where p, q are indeterminate variables. Then
where the quantities A i = A i (p, q) are given by
The system of equations A 4 = A 3 = 0 in p, q has a solution given by
This implies that the equation
has the rational roots t = 0 and
Then we have the point P ′ = (t 1 , v 1 ) with 
Again, using the method of Fermat, we let
and get another P ′′ = (t 2 , v 2 ) on the curve C 1 . Repeating the above process any numbers of times completes the proof of Theorem 1.1 for Eq. (1.2). The same method can be used to give a proof for Eq. (1.3).
Proof of Theorem 1.2. For f = x + a + b/x and g = y + c + d/y + e/y 2 , let x = tT, y = T.
Then Eq. (1.2) leads to
Let v = T 2 tz, and consider the curve C 2 : v 2 = g 2 (t). In order to prove Theorem 1.2 we must show that the curve C 2 has infinitely many Q(T )-rational points. The curve C 2 is a quartic curve with rational point Q = (0, bT ). By the method of Fermat [4, p. 639], and using the point Q we can produce another point Q ′ = (t 1 , v 1 ) satisfying the condition t 1 v 1 = 0. In order to construct a such point Q ′ , we take v = pt 2 + qt + bT, where p, q are indeterminate variables. Then
Then we have the point P ′ = (t 1 , v 1 ) with
where 
Applying the method of Fermat, we take
and obtain another point Q ′′ = (t 2 , v 2 ) on the curve C 2 . Repeating the above process any numbers of times completes the proof of Theorem 1.2 for Eq. (1.2) . The same method can be used to give a proof for Eq. (1.3) .
Proof of Theorem 1.3. For f = (x + a)(x + b)(x + c)/x and g = (y + d)(y + e)(y + cd/a)/y, set
Then Eq. (1.2) reduces to
To prove the theorem, let us consider the curve
Then Eq. (1.2) equals
To prove the theorem, consider the curve
The curve C 4 is a quartic curve with rational point R = (0, ae). By the method of Fermat [4, p. 639] , and using the point R, we can produce another point R ′ = (T 1 , S 1 ), which satisfies the condition T 1 S 1 = 0. In order to construct a such point R ′ , we put S = pT 2 + qT + ae, where p, q are indeterminate variables. Then
This implies the equation
Then we have the point R ′ = (T 1 , S 1 ), where
Using the method of Fermat, we let S = p(T + T 1 ) 2 + q(T + T 1 ) + S 1 , and find another point R ′′ = (T 2 , S 2 ) on the curve C 4 . Repeat the above process any numbers of times, this completes the proof of Theorem 1.4 for Eq. (1.2). The same method for giving a proof for Eq. (1.3).
Some related questions
We have studied the rational parametric solutions and rational solutions of Eqs. (1.2) and (1.3) for f, g = x + a + b/x, x 2 + ax + b + c/x and x + a + b/x + c/x 2 , but we don't get the same results for other Laurent polynomials. 
